Electrospinning is a nanotechnology process whereby an external electric field is used to accelerate and stretch a charged polymer jet, so as to produce fibers with nanoscale diameters. In quest of a further reduction in the cross section of electrified jets hence of a better control on the morphology of the resulting electrospun fibers, we explore the effects of an external rotating electric field orthogonal to the jet direction.
I. INTRODUCTION
Electrospinning has witnessed a dramatic upsurge of interest in recent years because of its potential to produce ultra-fine fibers with sub-micrometer diameters (see Refs [1] [2] [3] [4] [5] [6] [7] ). Though routinely realizable in the laboratory, electrospinning is a complex phenomenon to analyze because of the coupling between the electric field and the non-linear deformation of the fluid, the latter being dictated by the rheology of the material. As a consequence, the resulting jet (fiber) diameter is affected by several material, design, and operating parameters.
In this context, computational models represent a useful tool to investigate the underlying physics of electrospinning and provide information which may be used for the design of new electrospinning experiments and nanofibrous materials. Several strategies have been pursued to model the process, which can be broadly classified within two main families, Eulerian and Lagrangian. The former is based on a fixed-grid discretization of the partial differential equations of continuum fluid-dynamics [8] [9] [10] [11] , while in the latter the grid moves with the flow, taking the form of particle-like ordinary differential equations.
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By using suitable theoretical models, the effects of the parameters on the fiber diameter can be systematically studied and assessed, both analytically and numerically. For example, it has been shown that bending (or whipping) instabilities of electrical and hydrodynamical nature, are mostly responsible for jet stretching during the electrospinning process. 12, 16, 17 This behavior leads to a reduction of the cross section radius of electrospun nanofibers. In other studies, the attention is mostly focused on the morphological aspects, revealing a wide variety of pattern depositions of electrified jets. 16, 18 In the literature, one can find theoretical models to describe the jet dynamics and control of the fiber diameter, through numerical simulations based on multi-parameter choice, involving the perturbation at the nozzle, the intensity of the fixed electric field, the density of the polymer solution. 12, 18, 19 However, investigating new strategies to improve the overall control on electrospun nanofibrous materials,
still is an open scientific and technological challenge. In the present work, we consider the effect of a rotating electric field orthogonal to the main electric field (Figure 1 ). In particular, we present a theoretical model and ensuing numerical simulations with the JETSPIN code 20, 21 , in order to identify the optimal values of the amplitude and rotational frequency of the orthogonal rotating electric field (OREF), which permit to alter fiber morphology. electric field (OREF). The jet, ejected from a nozzle, is stretched by an electric field E parallel to the x axis. The OREF E ⊥ can be generated by a series of capacitor plates hexagonally arranged, and connected to a three-phase power source. The electrical power source is graphically represented in the bottom part of the figure. Here, the three phase voltage show colors corresponding to the color of the connected capacitor plate. 
II. THE MODEL
The jet emitted by the nozzle is modeled by a finite set of n parcels at a distance l i (distance between the ith and (i+1)th parcel), connected via viscoelastic elements, similarly to previous electrospinning models. 12, 14, 22, 23 Each jet parcel represents a cylindrical element of jet volume V i = V 0 and initial height l i = l step (initial length step of jet discretization).
As a consequence, the initial radius R 0 of the jet element is equal to V 0 /πl step . From this representation, the following set of equations of motion (EOM) can be written for each parcel i (hereafter, we shall consider the x-axis pointing from the nozzle to the collector):
In the above, the subscript i stands for the i-th parcel, r i is the position vector, v i is the velocity vector, G is the elastic modulus, µ is the viscosity of the fluid jet, σ is the stress, R is the cross sectional radius, q is the charge, E is the electric field (Figure 1 ), u i,j is the unit vector from parcel i to parcel j, t i is the unit vector pointing from parcel i to (i − 1), k i is the local curvature, α is the surface tension coefficient and c i is the unit vector pointing from the parcel i to the local centre of curvature. It is worth stressing that the filament radius R i at each i-th parcel location is equal to V 0 /πl i , as a result of the volume conservation.
Note that the constitutive Eq 2 models a Maxwell material with constant viscosity, in line with the approach of Refs 12,22 .
The aforementioned system of EOM is numerically solved, starting each simulation with only two bodies: a parcel fixed at x = 0, representing the spinneret nozzle, and a second parcel modeling the initial jet segment located at distance l step from the nozzle along the x axis with a given initial velocity υ
• i (defined below). Once the last parcel reaches a distance 2l step away from the nozzle, a new parcel (third body) is placed at a distance l step , the length step used to discretize the jet as a sequence of parcels. Repeating this injection rule over time, we obtain a set of n discrete jet elements.
The initial velocity is defined as υ
where υ s is a velocity term along the x axis, modelling the bulk fluid velocity in the syringe needle, and υ d,i denotes the dragging velocity
The extra term υ d,i accounts for the drag effect of the electrospun jet on the last inserted
. Note that the definition of υ d,i was chosen in such a way as to keep the velocity strain unchanged before and after the parcel insertion.
Furthermore, we take into account a periodic nozzle perturbation with frequency ω pert and amplitude A pert , which models fast mechanical oscillations nearby the spinneret. This perturbation results in the emission of a conic helix jet. We are interested in adding an OREF to the above configuration, namely:
Hereafter, the main electric field and the OREF are denoted it by E = (E x , 0, 0) and
respectively. In equations:
where A(g capacitor plates with alternating current around the apparatus. 24 In JETSPIN, we modified the EOM according to equation (5)- (6).
With the exception of A and ω, in all simulations we use the numerical parameters proposed in Ref. 20 . These values were assessed by comparing with experimental data from an electrospinning process of polyvinylpyrrolidone (molecular weight = 1300 kDa, mixture of ethanol and water 17:3 v:v, with PVP concentration 2.5 wt%). 25 In particular, we consider the surface tension α = 21.1 g s −2 from Ref. 26 , the elastic modulus G = 5 · 10
from Ref. 27 , and the shear viscosity µ = 100 µ 0 , where µ is taken equal to two orders of magnitude larger than the zero-shear viscosity µ 0 = 0.2 g cm 26, 28 . This is because the strong longitudinal flows we are dealing with, can lead to an increase of the extensional viscosity, as observed in the literature. 12,29 Finally, υ s is taken equal to 0.28 cm s −1 which corresponds to a constant flow rate of 2mL h −1 in a needle of radius 250µm.
The values of the simulation parameters are summarized in Table I .
III. RESULTS
In the following, we present an exploratory study of the effects of the amplitude A and frequency ω on the electro-spinning process. We wish to emphasize that this does not represent a fully-fledged analysis of the non-linear dynamical behaviour of this complex system, but rather a computational identification of the most interesting regions in the A − ω parameter space.
A. Modulus and frequency of OREF
We investigate the effect of E ⊥ in equations (6), compared to the standard case E , and study the way that the jet morphology is deformed for different choices of the freeparameters. We take A * = | E | 1.8763 g Such high values of the angular frequency ω mediate the OREF along the circumference orthogonal to E . Note that the dominant component of the force acting on each parcel is the one given by E , since the jet travels towards the collector without undergoing any breakup, such as that reported in literature.
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The two components of the electric field are shown in the top left panel of Figure 1 , where the red and blue arrows represent E and E ⊥ , respectively, while the total field E runs over the transparent grey conic surface. We run several simulations, each for a total time of 0.1s. After an initial drift t drift = 0.02 s, the jet dynamics is assumed regular so that we can estimate mean values of suitable observables over their stationary statistical distributions. 20 In particular, the mean value of the filament radius R was estimated at the Even though the functional relation R = R(ω) is the result of a highly complex structural dynamics, the oscillatory structure of such relation is relatively regular, and suggestive of a (right red curve). Axis convention, shown in the center, is as follows: red for x axis, green for y axis and blue for z axis. While the red curve is wider than the blue one, the latter appears more twisted, thus producing a thinner R (cfr with fig. 2 and 3 ).
sort of resonant mechanism underlying the OREF setup, which is likely to depend on the frequency ω noz of the mechanical oscillation of the nozzle. Here, we have kept ω noz at a fixed value, because it is practically easier to change the OREF frequency than modifying the inherent mechanical oscillations of the nozzle.
Nonetheless, we repeat the simulations corresponding to the two points m 1 and M 1 in Figure 3 , with a nozzle perturbation ω noz = 2.5 · 10 4 s −1 . In both cases, we observe a change in the mean cross section radius < R > between 5 and 10%, compared to the previous values, confirming that both frequencies ω and ω noz contribute to the oscillatory jet dynamics. At the moment, we have no clear theoretical explanation for such oscillatory behavior, which depends on the overall non-linear dynamics of the jet. However, we can define suitable observables which help elucidating the effects of the OREF on the jet morphology (see next Subsection).
B. Statistical analysis and overlap of trajectories
Here, we provide both statistical and time-dependent analysis performed over the trajec- It is apparent that the frequency distribution is skewed and strongly non Gaussian, which is relatively unsurprising due to the highly non-linear nature of the process. Owing to this non-Gaussianity, this observable is best described via its median and confidence interval (given by the first and third quartiles), as reported in Figure 3 . In order to clarify the trend of the mean radius reported in Figure 5 we define the jet length as:
which measures the total length of the jet, from the collector up to the nozzle. Comparing the two trends of R and Λ in Figure 5 , it is apparent that the two are anti-correlated, namely the smallest < R > corresponds to the longest < Λ > and vice versa. As a result, one of the main effects of OREF is to alter the jet path, which in turn modifies the jet stretch and the resulting cross sectional radius.
To gain further insights into the jet dynamics, it is also of interest to assess the "morphological distance" between two spirals corresponding to minimum and maximum fiber radii.
Instead of a "smooth" Euclidean distance, we find it more informative to introduce an overlap distance between two trajectories α and β by gaining insight from an order parameter usually exploited in the context of glassy materials (see Refs [34] [35] [36] ), which is defined as follows :
In the above, λ is the curvilinear coordinate, Θ the Heaviside step function, ε (cm) a On the other hand, at increasing ε, the two jets overlap only up to an initial time t ov , while for t > t ov ∼ 0.01 s, a separation transition starts to take place, with the two jets getting more separated as ε is made smaller. After t = 0.15 s, the distance between the two configurations reaches its asymptotic value. On top of Figure 6 , we report some snapshots of the two jets at a given time, to provide a visual counterpart of the corresponding values
C. Time series analysis of trajectories
In order to gain further insight into the jet dynamics, we analyze the frequency spectra induced by OREF on the jet dynamics. In particular, the Fourier analysis exposes the frequencies of the swirling motion of the helix, which has a direct bearing on the jet path and the resulting fiber radius.
To this purpose, let us consider a plane perpendicular to the x − axis placed at x = 8 cm, and denote it by υ * ⊥ = υ y (λ|x = 8 cm) u y + υ z (λ|x = 8 cm) u z the projection on this plane of the velocity vector measured at the point λ where the jet crosses such plane. 1 (t, ε) as a function of time, for three value of ε. For non-zero values of ε, an abrupt transition is evident, which stops after the drift time t drift has been reached.
In particular, the smaller the value of ε, the smaller Q (ε, t) is. Snapshots of the two jets analyzed at three times are reported at the insets over the plot, where color legend is the same as Fig. 4 .
We wish to remark that the trajectories should not self-intersect and they actually do not.
We inspect the normalized velocity autocorrelation function (VACF) of υ * ⊥ defined as
where bracket denote time-averaging over the corresponding steady-state regime. The quantity Z(τ ) measures the self-correlation of the swirling motion within the jet path. Then, cosine Fourier transformation (power spectra) of the VACF was computed for each OREF frequency, in order to expose the spectral densities of states.
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We focus our attention on three main cases: first, the simulation setup without OREF as a reference case. The second and third correspond to the simulation setups denoted m 1
and M 1 , respectively, in Figure 3 . In Figure 7 , we observe a central peak at 1600 Hz for all three cases under inspection, which is related to the main swirling motion resulting from the mechanical oscillation of the nozzle. Upon switching-on the OREF, satellite peaks are seen to appear, at higher(lower) frequencies for the case m 1 and M 1 , respectively.
In order to elucidate the relation between the jet path < Λ > and the frequency of the secondary peak in the power spectra, we invoke simple arguments related to the helicoidal motion of jet.
For the sake of simplicity, we assume (neglecting other terms as Coulomb repulsive forces, A number of considerations on jet path and swirling frequency arise from the above relations. In particular, we note that the second peak in power spectra located at higher frequency provides a reduction of the helix pitch and an increase of the jet curvature, which is the reciprocal of the curvature radius. As a consequence, the number of helices drawn by the jet between the nozzle and the collector significantly increases, thereby providing a larger value of the jet path length Λ observed in Figure 5 . Furthermore, we observe that the OREF can also be used as a tool to control the jet curvature, and possibly drive the jet deposition on the collector, as detailed in the next Subsection.
D. Statistical analysis of jet deposition at the collector
The OREF significantly affects the spatial distribution of the jet, providing several patterns of the electrospun coatings deposited on the collector. In Figure 8 , we report the normalized 2D maps, showing the probability of a jet parcel to hit the collector at the coordinates y and z (both perpendicular to x by construction). Note that only the late dynamics describing the stationary regime was considered in order to compute the histograms. Here, we observe a clear modification of the pattern deposition as function of the applied OREF frequency ω. In particular, by tuning the frequency, the deposition pattern is driven towards the inner region of the collector. This is evident in top panel of Figure 8 , where we report the normalized histogram for the case m 1 , with the probability distribution spans over a precession motion. This is likely due to the combined effects of the two peaks in the frequency spectra (see Figure 7) . Since the second peak is located at higher frequency, we observe a tighter deposition due to the larger jet curvature, depending on the frequency as shown in previous Subsection. On the other hand, if the second frequency lies below the one of the precession motion, the distribution stretches towards the external region of collector.
Therefore, the OREF frequency ω appears to offer new, possibly even time-dependent, strategies to achieve uniform distributions at the collector plate.
IV. SUMMARY AND OUTLOOK
Summarizing, we have proposed the OREF mechanism and explored its effects on the electrospinning process, particularly on the radius of the electrospun fibers. Numerical simulations using the JETSPIN code show that such radius can be reduced up to about 30%.
Despite the inherent complexity of the underlying dynamics, the electrospinning response to OREF, R = R(ω) appears to organize into a rather regular oscillatory pattern, with periodic local minima and maxima of the finer radius as a function of the OREF frequency. The existence of such minima opens up the possibility of advancing electrospinning technologies and producing finer fibers with high repeatability. Further, the OREF can be used as a control mechanism to achieve uniform distributions of polymer filaments at the collector.
While a 30% reduction of the diameter of single nanofibers might not seem that dramatic, controlling the morphology of electrospun materials in such a finer way, might prove useful.
For instance, the fraction of power of the fundamental mode of a cylindrical waveguide strongly (exponential-like) depends on the diameter of the guide, with a 30% variation of the diameter potentially leading to a significant (e.g., 20%) change of coupled optical power. more uniform area coverage can lead to better coatings and improved filtrating materials.
These perspectives are intriguing and worth experimental investigation.
The present simulations permit to highlight the salient morpho-dynamical features associated with the application of the OREF, as well as to probe the electrospinning response in a range of applied frequency. Much remains to be done for the future; particularly, the study of the spatial dependence of the self-consistent electrostatic field induced by charge deposition at the collector, and its effects on the overall jet dynamics and associated deposition patterns. Moreover, a fully-fledged analysis of the non-linear dynamical behavior of the OREF setup would be highly desirable. Studies along these lines are currently under way.
